Abstract-With the increasing proliferation of different communication devices sharing the same spectrum, it is critical to understand the impact of interference in heterogeneous wireless networks. In this paper, we put forth a mathematical model for coexistence in networks composed of both narrowband (NB) and ultrawideband (UWB) wireless nodes, based on fundamental tools from stochastic geometry. Our model considers that the interferers are spatially scattered according to a Poisson field, and are operating asynchronously in a wireless environment. We first determine the statistical distribution of the aggregate interference for both cases of NB and UWB emitters. We then provide error probability expressions for two dual configurations: 1) a NB victim link subject to the aggregate UWB interference, and 2) a UWB victim link subject to the aggregate NB interference. The results show that while the impact of a single interferer on a link is often negligible due to restrictions on the transmitted power, the aggregate effect of multiple interferers may cause significant degradation. Therefore, aggregate interference must be considered to ensure coexistence in heterogeneous networks. The proposed analytical framework shows good agreement with physical-level simulations of the system.
I. INTRODUCTION
T HERE has been an emerging interest in transmission systems with large bandwidth for both commercial and military applications. For example, ultrawideband (UWB) systems communicate with direct-sequence (DS) or time-hopping (TH) spread-spectrum (SS) signals using a train of extremely short pulses, thereby spreading the energy of the signal very thinly over several GHz [1] - [10] .
However, the successful deployment of such technologies requires that UWB and narrowband (NB) systems do not interfere with one another. In particular, UWB devices must not cause harmful interference to existing NB systems (e.g., GPS, GSM, and IEEE 802.11), and at the same time must be robust to NB interference. The issue of coexistence in heterogeneous networks has received considerable attention lately. Concerning UWB interference on NB systems, the bit error probability (BEP) is analyzed in [11] for the case of a single UWB pulse interfering with a binary phase shift keying (BPSK) NB system, in an additive white Gaussian noise (AWGN) channel. In [12] , a semi-analytical BEP expression is derived for the case of one SS signal interfering with a NB-BPSK system, also in an AWGN channel. Using a shot noise perspective, [13] analyzes the combined energy of multiple UWB signals at the output of a square-law receiver, without taking into account the error performance. Concerning the NB interference on UWB systems, the analysis has been largely focused on AWGN channels. The BEP of DS-SS systems in an AWGN channel is derived in [14] for one tone interferer, and an upper bound is given in [15] and [16] for multiple tone interferers. A comparison of several multiple-access techniques is made in [17] . The performance of UWB TH-SS systems in the presence of one Gaussian interferer is analyzed in [18] by ignoring AWGN. The effects of GSM and UMTS/WCDMA systems on UWB DS and TH systems in AWGN channel is investigated in [19] - [21] . Closed-form BEP expressions for a UWB system with Rake reception in frequency-selective multipath fading channels subject to a single NB interferer (NBI) is derived in [22] . A comprehensive study of UWB receiver design in the presence of multiple-access UWB interference is provided in [23] . An overview of coexistence issues between UWB and NB wireless communication systems is given in [24] . A mathematical model for the characterization of network interference is developed in [25] , and several applications are analyzed. Concerning the stochastic modeling of node positions, the Poisson point process has been successfully used in [26] , [27] to analyze interference in wireless networks, although the focus is on simple NB channel models, which are not suitable to study coexistence with UWB systems.
In this paper, we are interested in the coexistence between heterogeneous systems in large-scale wireless networks. The main contributions of this paper are as follows:
II. SYSTEM MODEL
We start by describing our system model. The notation and symbols used throughout the paper are summarized in Table III in the end of this paper.
A. Spatial Distribution of the Nodes
The spatial distribution of the interferers is modeled according to a homogeneous Poisson point process Π ⊂ R 2 with spatial density λ, in nodes per unit area [32] . Typically, the node positions are unknown to the network designer a priori, so they may as well be treated as completely random according to a spatial Poisson process. 1 We define the interfering nodes to be the set of terminals which are transmitting within the frequency band of interest, during the time interval of interest (e.g., one symbol period), and hence are effectively contributing to the total interference. Thus, irrespective of the network topology (e.g., point-to-point mode or broadcast mode) or the session lifetime of each interferer, the proposed model depends only on the effective density λ of interfering nodes. 2 The proposed spatial model is depicted in Fig. 1 . Here, we consider a victim link composed of two nodes: one receiver node, located at the origin of the two-dimensional plane, and one transmitter node (node i = 0), deterministically located at a distance r 0 from the origin. All the other nodes (i = 1, 2, . . . , ∞) are interfering nodes, whose 1 The spatial Poisson process is a natural choice in such situation because, given that a node is inside a region R, the p.d.f. of its position is conditionally uniform over R. 2 For example, if the interfering nodes are idle for a fraction of the time, then the splitting property of Poisson processes [33] can be used to obtain the effective density of nodes that contribute to the interference. random distances to the origin are denoted by
, where R 1 ≤ R 2 ≤ . . .. Our goal is then to determine: 1) the effect of UWB interfering nodes on a NB victim link, as shown in Fig 1(a) ; and 2) the effect of NB interfering nodes on a UWB victim link, as shown in Fig 1(b) .
B. Transmission Characteristics of the Nodes
We consider the case where the UWB (or NB) interferers operate asynchronously and independently, using the same power P U (or P N ). This is a plausible constraint in the absence of power control and is applicable in many decentralized ad-hoc networks, WLANs, and WPANs. The signal s U i (t) transmitted by the ith UWB interferer can be described as
where E U is the average transmitted symbol energy; P U = E U /T U is the average transmitted power; w i (t) is the unitenergy symbol waveform; a
,n is the nth transmitted symbol of the ith UWB interferer, belonging to a constellation 3 and satisfying E{(a
; T U is the symbol period; f U is the carrier frequency of the UWB signal; and
4 is a random delay modeling the asynchronism between nodes.
The signal s N i (t) transmitted by the ith NB interferer can be written as
where E N is the average transmitted symbol energy; P N = E N /T N is the average transmitted power; g(t) is a unitenergy pulse-shaping waveform satisfying the Nyquist criterion; a 2 } = 1; T N is the symbol period; and f N is the carrier frequency of the NB signal. In (1) and (2), we consider that the random variables (r.v.'s) a i,n , θ i,n , and D i are i.i.d in i (since interferers operate independently) and in n.
Example of UWB Systems: For impulse radio (IR) SS systems with DS and TH, the unit-energy symbol waveform w(t) in (1) is given by
where N s is the number of pulses used to transmit a single information symbol belonging to a two-dimensional constellation, and p(t) is the transmitted monocycle shape, with energy 1/N s . The pulse repetition time (frame length) T f and the symbol duration T U are related by
k=0 is the DS sequence, {c
k=0 is the TH sequence, and T c is the TH chip width. The symbol waveform given in (3) is valid for a general transmission scheme that combines DS and TH, and results in a pure DS when c TH k = 0, ∀k, and a pure TH when c (4) where P (f ) F{p(t)}.
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C. Propagation Characteristics of the Medium
To account for the propagation characteristics affecting both the NB and UWB nodes, we consider that the median of the signal amplitude decays with the distance r according to k/r ν , for some given constant k and ν > 1. Although the amplitude loss exponent ν typically ranges from 0.8 (e.g., hallways inside buildings) to 4 (e.g., dense urban environments) [34] , [35] , we consider only the case of ν > 1. The use of such a decay law also ensures that interferers located far away have negligible contribution to the total interference observed at the victim receiver, thus making the infinite-plane model reasonable. For generality, we assume different path loss parameters for the NB signal (k N , ν N ) and the UWB signals (k U , ν U ).
To capture the shadowing affecting both NB and UWB nodes, we use a lognormal model where the received signal strength S is given by S = μe σG , where G ∼ N (0, 1) and independent of everything else, 6 μ = k/r ν is the median of S, and σ is the shadowing coefficient. 7 The shadowing is responsible for random fluctuations in the signal level around the median path gain k/r ν . For generality, we assume different shadowing parameters for the NB signal (σ N ) and the UWB signals (σ U ).
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σ. The parameter σ dB is the standard deviation of the channel loss in dB (or, equivalently, of the received SNR in dB).
To account for the fading affecting the UWB nodes, we consider a frequency-selective multipath channel with impulse response
where
are, respectively, the amplitudes and delays (with arbitrary statistics) describing the L paths which affect the ith UWB interferer; and δ(t) denotes the Dirac-delta function. In addition, we normalize the power dispersion profile (PDP) of the channel such that On the other hand, we model the fading affecting the NB nodes using a frequency-flat Rayleigh channel. Specifically, the channel introduces in the received NB signal a Rayleigh-distributed amplitude factor α i (normalized so that E{α 2 i } = 1), as well as a uniform phase φ i . Considering the previously described propagation effects (path loss, shadowing, and fading), the overall channel impulse response (CIR) between the ith UWB interferer and the NB victim receiver ( Fig. 1(a) ) becomes
On the other hand, the overall CIR between the ith NB interferer and the UWB victim receiver ( Fig.1(b) ) becomes
where t i = φ i /(2πf N ). In this paper, we assume the shadowing and the fading to be independent for different interferers i, and approximately constant during at least one symbol interval.
D. Mobility of the Interferers
Typically, the time variation of the distances
of the interferers is highly coupled with that of the shadow-
affecting those nodes. This is because the shadowing is itself associated with the movement of the nodes near large blocking objects. Thus, we introduce the notation P to
of the interferers." In this paper, we carry out two types of analysis: 1) P-conditioned analysis: We condition the interference on a given realization of P, which naturally leads to the derivation of the outage error probability of the victim link [37] - [41] . 2) P-averaged analysis: We average the interference over all possible realizations of P, which naturally leads to the derivation of the average error probability of the victim link [42] - [46] .
III. NB COMMUNICATION IN THE PRESENCE OF UWB INTERFERERS
A. Signals and Interference Models
Under the system model described in Section II, the aggregate signal z(t) at the NB receiver can be written as
is the desired signal from the NB transmitter corresponding to symbol n = 0, 9 with * denoting the convolution operator;
is the aggregate network interference; and n(t) is the AWGN with two-sided power spectral density (PSD) N 0 /2, and independent of y(t). By performing the indicated convolutions, we can further express the desired signal as
and the aggregate interference as
The NB receiver demodulates the aggregate signal z(t) using a conventional linear detector. This can be achieved by projecting z(t) onto the orthonormal set
.
, we can write
where the distribution of N is given by
where X i is given in (11) at the top of this page, with D i,n nT U +D i . Using the fact that both
} are approximately constant over the frequencies of the NB signal, Appendix A shows that (11) can be reduced to
Note that effective range of the summation of n in (12) depends on the duration of the shaping pulse g(t) relative to T U . In effect, in the usual case where g(t) decreases to 0 as t → ±∞, the r.v.'s g( D i,n ) become increasingly small since | D i,n | grows as |n| increases, and the sum in n can be truncated.
B. Distribution of the Aggregate UWB Interference
The distribution of the aggregate UWB interference Y plays an important role in the evaluation of the error probability of the victim link. In what follows, we characterize such distribution in two important scenarios: the P-conditioned and P-averaged cases.
1) P-conditioned Interference Distribution:
To derive the P-conditioned distribution of the aggregate interference Y in (10), we approximate X i in (12) by a circularly symmetric (CS) complex Gaussian r.v., 11 such that
The accuracy of this approximation is confirmed using both Kullback-Leibler (KL) divergence [47] in Table I , and error probability simulations in Section V. For simplicity, the 
is a r.v., since it depends on the particular realization of P. The divergence values are obtained through Monte Carlo simulation with T U = 0.5 μs, r 0 = 1 m, λ U = 0.1 m −2 , and the remaining system parameters are described in Section V and Table II . We conclude that as N p increases, X i approaches a Gaussian r.v., since the number of summands (12) increases. Even for small values of N p where X i does not resemble a Gaussian r.v., what is important in error probability evaluation is the p.d.f. of the overall decision variable Z, not of X i itself.
The rightmost column of Table I shows that the p.d.f. of Z indeed remains essentially the same if the approximation in (13) is made.
12 This is also in agreement with [50] , which shows that even the case of a single interferer (i.e., Y only has a single term), the Rayleigh fading affecting the desired signal mitigates the non-Gaussian characteristics of the interference. A detailed analysis of the interfering term can be found in [24] . In addition to KL divergence arguments, we also performed physical-level simulations of the network, without any approximations, to verify the validity of (13) . In particular, Section V shows that the Gaussian approximation has a negligible effect on the overall error performance.
With the approximation in (13), the interference Y in (10) becomes a sum of independent CS Gaussian r.v.'s and is therefore a CS Gaussian r.v. with distribution given by
where A is defined as
Note that since A in (15) depends on P (i.e.,
and
), it can be seen as a r.v. whose value is different for each realization of P. Furthermore, Appendix B shows that the r.v. A has a skewed stable distribution [51] given by
where ν U > 1, and C α is defined as
This distribution is plotted in Fig. 2 for different values of ν and λ.
2) P-averaged Interference Distribution:
To derive such distribution, we first analyze the properties of X i in (12) . Typically, it is accurate to consider that ϕ i arg{H i (f N )} has a U(0, 2π) distribution, independent of everything else. Then, we can rewrite (12) as X i =X i e jϕi , where ϕ i is independent ofX i ; thus, X i is CS. Furthermore, since different interferers i transmit independently, the r.v.'s X i are
Sums of the form of (10) belong to the class of symmetric stable distributions [51] . This is because the r.v.'s
correspond to distances in a spatial Poisson process, and the {X i } ∞ i=1 are i.i.d. with a CS distribution. Specifically, 12 Note that when conditioned on P (i.e., (10) is a sum of the independent (but not identically distributed)
. It can be shown that in this case, the more general (Lindeberg) form of the central limit theorem [48] does not apply to Y, due to the vanishing nature of the terms in the sum [49] . 13 We use X |Y ∼ to denote the distribution of r.v. X conditioned on Y . 14 We use S(α, β, γ) to denote a real stable distribution with characteristic exponent α ∈ (0, 2], skewness β ∈ [−1, 1], dispersion γ ∈ [0, ∞), and location μ = 0. The corresponding characteristic function is 
Probability density function of A for different amplitude loss exponents ν and spatial densities λ (σ dB = 3).
Appendix C shows that Y has a CS complex stable distribution given by
The results of this section have to be interpreted carefully, because of the different types of conditioning involved. In the unconditional case, we let P be random, i.e., we let {R i } ∞ i=1 be the random outcomes of an underlying spatial Poisson process, and {G i } ∞ i=1 be the random shadowing affecting each UWB interferer. Then, the unconditional interference Y is exactly stable-distributed and given by (18) . We note that (18) holds for a broad class of fading distributions, as long as the r.v.'s X i in (10) are CS and i.i.d. in i. In the P-conditioned case, the positions of the interferers are fixed. Then, A in (15) is also a fixed number, and the interference Y is approximately CS Gaussian with total variance 2AV X , as given in (14) .
C. Error Probability
In the previous section, we determined the statistical distribution of the aggregate UWB interference at the output of a linear NB receiver. We now use such result to directly characterize the performance of the NB victim link subject to aggregate UWB interference and thermal noise, in terms of outage and average error probabilities.
1) Outage Error Probability:
In this section, we analyze the error probability conditioned on a given realization P of the distances
associated with the UWB interferers, as well as on the shadowing G 0 of the NB victim link. We denote this conditional symbol error probability (SEP) by P e|G0,P .
To derive the conditional error probability, we employ the results of Section III-B1 for the P-conditioned distribution of (9) and (14), the received signal Z in (8) can be rewritten as
and A was defined in (15) . Our framework has thus reduced the analysis of NB communication in the presence of UWB network interference to a Gaussian problem, where the combined noise N is Gaussian when conditioned on the location of the UWB interferers.
The corresponding error probability P e|G0,P can be found by taking the well-known error probability expressions for coherent detection of linear modulations in the presence of AWGN and fast fading [42] - [46] , but using 2AV X + N 0 instead of N 0 for the total noise variance. This substitution is valid for any linear modulation, allowing the traditional results to be extended to include the effect of UWB network interference. For the case where the NB transmitter employs an arbitrary signal constellation in the in-phase/quadrature (IQ) plane and the fading is Rayleigh-distributed, the conditional SEP is given by
is the received signal-to-interference-plus-noise ratio (SINR), averaged over the fast fading; M is the NB constellation size;
are the NB symbol probabilities; B k , φ k,l , w k,l , and ψ k,l are the parameters that describe the geometry of the NB constellation, as depicted in [25, Fig. 10] ; A is defined in (15) and distributed according to (16) ; and V X is defined in (13) . When the NB transmitter employs M -PSK and M -QAM modulations with equiprobable symbols, (21) is equivalent to
16 In this paper, we implicitly assume that M -QAM employs a square signal constellation with M = 2 n points (n even).
where the integral I(x, g) is given by
In the general expression given in (21) and (22), the network interference is accounted for by the term 2AV X , where A depends on the spatial distribution of the UWB interferers and propagation characteristics of the medium, while V X depends on the transmission characteristics of the UWB interferers. Since 2AV X simply adds to N 0 , we conclude that the effect of the interference on the error probability is simply an increase in the noise level, a fact which is intuitively satisfying. Furthermore, note that the modulation of the UWB interfering nodes only affects the term V X , while the modulation of the NB link affects the type of error probability expression, leading to forms such as (23) or (24) .
In our quasi-static model, the conditional error probability in (21) is seen to be a function of the slow-varying interferer positions and shadowing (i.e., G 0 and P). Since these quantities are random, the error probability itself is a r.v. Then, with some probability, G 0 and P are such that the error probability of the victim link is above some target p * . The system is said to be in outage, and the outage error probability is
In the case of slow-varying interferer positions, the outage error probability is a more meaningful metric than the error probability averaged over P.
2) Average Error Probability:
In this section, we average the error probability over all possible realizations of UWB interferer positions P. We denote this average SEP by P e|G0 . We choose not to average out the shadowing G 0 affecting the NB transmitter, since we have assumed the NB transmitter is immobile at a deterministic distance r 0 from the NB receiver, and thus G 0 is slow-varying.
To derive the average error probability, we use the decomposition property of stable r.v.'s [51] , which allows Y in (18) to be decomposed as
where B and G are independent r.v.'s such that
with
Conditioning on the r.v. B, we then use (9) and (27) to rewrite the aggregate received signal Z in (8) as
Again, our framework has reduced the analysis of NB communication in the presence of UWB network interference to a Gaussian problem, where the combined noise N is a Gaussian r.v. Note that this result was derived without resorting to approximations -in particular, the Gaussian approximation of (13) was not needed here. We merely used the decomposition property of symmetric stable r.v.'s.
The corresponding error probability P e|G0 can be found by taking the error expressions for coherent detection in the presence of AWGN and fast fading, then using 2BV G + N 0 instead of N 0 for the total noise variance, and lastly (unlike in Section III-C1) averaging over the r.v. B. For the case where the NB transmitter employs an arbitrary signal constellation in the IQ-plane and the fading is Rayleigh-distributed, the average SEP is given by
B is distributed according to (28) ; V G is given in (30) ; and the other parameters have the same meaning as in Section III-C1. For the special cases where the NB transmitter employs M -PSK and M -QAM modulations with equiprobable symbols, (32) reduces to (23) and (24), respectively, except the integral I(x, g) is now given by
IV. UWB COMMUNICATION IN THE PRESENCE OF NB INTERFERERS
A. Signals and Interference Models
In many practical scenarios, the signal in (2) transmitted by the ith NB interferer can be well modeled by a tone at frequency f N [18] , [22] , i.e.,
where P N = E N /T N is the average power of each interferer, and D i are i.i.d. time delays that account for the asynchronism between the NB transmitters. The aggregate signal z(t) at the UWB receiver can be written as
z(t) = d(t) + y(t) + n(t),
is the desired signal from the UWB transmitter corresponding to symbol n = 0;
is the aggregate network interference; and n(t) is the AWGN with two-sided PSD N 0 /2, and independent of y(t). By performing the indicated convolutions, we can further express the desired signal as
(37) The desired UWB signal in (36) is subject to both aggregate NB interference and AWGN. If only AWGN is present, the optimum receiver consists of a matched filter (MF) or, equivalently, a correlator. In the presence of multipath, this MF is realized adaptively as the well-known Rake receiver. In this case, the UWB receiver demodulates the aggregate signal by projecting z(t) onto the function
Defining Z = 
Furthermore, Y = 
y(t)Ψ(t)dt can be expressed as
cos (2πf N (t + t q ) + φ i )w(t)e −j2πfU t dt. 17 To derive the error probability of the UWB victim link, we only need to analyze a single UWB symbol, since we assume that pulses satisfy the Nyquist criterion (or introduce, in any case, negligible intersymbol interference) and we consider perfect synchronization with the desired UWB signal. 18 We consider that the multipath is resolvable and the channel is perfectly estimated. Moreover, distortion (such as that caused by antennas in UWB systems) can be taken into account by considering w(t) to be the received waveform.
With a slight abuse of notation, the phase terms −2πf N D i were absorbed by the random phases φ i .
We define the frequency response of the victim's UWB channel in (5) as
h q e −j2πf tq (43) with t = (t 1 , t 2 , . . . , t L ) denoting the vector of instantaneous path delays. Appendix D shows that (42) can be reduced to
where W(f ) F{w(t)}. Note from (43) that H U|h,t (f N ) depends on the instantaneous CIR h U (t) through h and t.
B. Distribution of the Aggregate NB Interference
The distribution of the aggregate NB interference Y plays an important role in the evaluation of the error probability of the victim link. In what follows, we characterize such distribution in two important scenarios: the P-conditioned and P-averaged cases. Unlike Section III-B, here the interference Y also depends on the CIR of the victim's UWB channel through H U|h,t (f N ). Therefore, all the interference distributions derived in this section are conditioned on h and t, which we will later use in deriving the error performance. In what follows, we consider the symbol waveform w(t) of the UWB victim to be deterministic, which in the context of the IR signal in (3), corresponds to considering the sequences {c DS k } and {c TH k } to be deterministic. This is a natural assumption when the spreading sequences of the victim UWB receiver are deterministically known.
1) P-conditioned Interference Distribution:
To derive the P-conditioned distribution of the aggregate interference Y in (41), we need the exact distribution of the X i in (44) . The term α i e jφi is the product of a Rayleigh r.v. and a complex unitary vector with phase φ i ∼ U(0, 2π), and thus X i is CS complex Gaussian when conditioned on h and t. This can be summarized in the following equation:
Hence, Y in (41) becomes a sum of independent CS Gaussian r.v.'s and is therefore a CS Gaussian r.v. with distribution given by Y
where A is defined similarly to (15) as
Using an argument analogous to Appendix B, we can show that A has a skewed stable distribution given by
where ν N > 1. This distribution is plotted in Fig. 2 for different values of ν and λ.
2) P-averaged Interference Distribution: Conditioned on h and t, the r.v.'s X i are CS complex Gaussian and i.i.d. in i, since different interferers i transmit independently. Therefore, using an argument analogous to Appendix C, we can show that Y has a CS complex stable distribution given by
where ν N > 1.
C. Error Probability
In the previous section, we determined the statistical distribution of the aggregate NB interference at the output of a UWB Rake receiver. We now use such result to directly characterize the performance of the UWB victim link, when subject to aggregate NB interference and thermal noise, in terms of outage and average error probabilities.
1) Outage Error Probability:
To derive the conditional error probability P e|G0,P , we employ the results of Section IV-B1 for the P-conditioned distribution of the aggregate NB interference Y. Specifically, using (40) and (46), the received signal Z in (39) can be rewritten as
and A was defined in (47) . From (44) , the term V X|h,t is given by
When conditioned on the nodes' shadowing and position (G 0 and P), as well as on the instantaneous CIR (h and t), the error probability P e|h,t,G0,P for the case when the UWB transmitter employs an arbitrary signal constellation in the IQplane can be written as 
P U = E U /T U denotes the transmitted power, and the other parameters have the same meaning as in Section III-C1. The next step is to perform expectations of P e|h,t,G0,P over r.v.'s h and t, to obtain the average performance over all the possible CIRs h U (t). The contribution of the interference in (54) depends on the instantaneous CIR of the desired signal, which makes the closed-form evaluation of E h,t P e|h,t,G0,P cumbersome and difficult. According to [22] , we can proceed in two steps: first, perform the average over the time delays t for fixed path gains h, and then average over h, i.e., P e|G0,P = E h E t P e|h,t,G0,P . In this case, the inner expectation involves only the r.v. t through the function |H U|h,t (f N )| 2 . Therefore, without loss of generality, in the following we define a r.v. ξ |H U|h,t (f N )| 2 that depends on r.v. t with fixed (but arbitrary) h. Hence, P e|h,G0,P = E ξ P (ξ) wherě P (ξ) has the same form as (53) withη(ξ) instead ofη h,t,G0,P , wherě
The expectation ofP (ξ) over the r.v. ξ can be conveniently approximated by means of perturbation theory [52] , [53] without requiring integration. In fact, in [22] we prove that by expandingP (ξ) in terms of central differences up to the third order and approximating the moments of ξ, we can obtain an accurate approximation of P e|h,G0,P in closed-form. Specifically, the average SEP over the r.v. t can be written in the form
where ρ j and σ j are weights, and N is the number of terms in the expansion. Considering the third-order expansion, we have N = 4 terms and the weights given by [22] 
are functions of Υ 2 and Υ 3 that depend only on the normalized PDP of the channel, i.e.,
Note that (56) is a function of h through the term α 2 U|h , and hence the outer expectation P e|G0,P = E h P e|h,G0,P can be written as the expectation of (56) with respect to α , it is possible to derive the expectation of (56) over h as
is the SINR as a function of the signal-to-noise ratio SNR = k 2 U E U /N 0 and the interference-to-noise ratio INR = k 2 N P N T U /N 0 , and M X (s) = E{e −sX } is the moment generating function (m.g.f.) of the r.v. X. Note that (58) depends only on the difference between the carrier frequencies f N and f U . For UWB channels, it has been shown [4] that the amplitude distribution of the resolved multipaths can be modeled by a Nakagami-m distribution. As a result, considering independent Nakagami distributed paths |h q | with average power Ω q and Nakagami parameter m q , the corresponding m.g.f. can be
For the special cases where the UWB transmitter employs M -PSK and M -QAM modulations with equiprobable symbols, (57) reduces to (23) and (24), respectively, except the integral I(x, g) is now given by
(59) As before, the corresponding outage error probability can be defined as P e out = P G0,P P e|G0,P > p * .
2) Average Error Probability:
To derive the average error probability P e|G0 , we could perform a decomposition of the stable r.v. Y similar to (27) . Unfortunately, in this case the calculation of the moment E |Re{X i }| 2/νN |h, t is quite cumbersome, and is not useful in evaluating the expectation of P e|h,t,G0,P over h and t. Therefore, a more straightforward way to compute the average SEP is to directly average (57) over the r.v. A as P e|G0 = E A P e|G0,P .
V. NUMERICAL RESULTS
We now particularize the general analysis developed in the previous sections, using a simple case study. We consider two specific scenarios: 1) a BPSK NB victim link subject to DS-BPAM UWB interferers, and 2) a DS-BPAM UWB victim link subject to NB BPSK interferers.
Considering DS-BPAM UWB interferers, the signal s U i (t) transmitted by the ith interferer in (1) becomes
where the unit-energy waveform w i (t) for each bit is
In these equations, N s is the number of monocycles required to transmit a single information bit a U i,n ∈ {−1, 1}; p(t) is the transmitted monocycle shape, with energy 1/N s ; T f is the monocycle repetition time (frame length), related to the bit duration by T U = N s T f ; and {c i,k } Ns−1 k=0 is the spreading sequence, with c i,k ∈ {−1, 1}. As in [2] , we choose p(t) to be the second derivative of a Gaussian monocycle,
where τ p is the monocycle duration parameter. Concerning the UWB propagation characteristics, we consider that the multipath fading channel in (5) is composed of L independent Nakagami-distributed paths having random UWB systems NB systems
delays and an exponential PDP given by [4] , [22] 
where p is a decay constant that controls the multipath dispersion. We also consider different Nakagami parameters for each path according to [22] 
where m controls the decay of the m-parameters. Table II summarizes the system parameters used for all the numerical results.
We also compare our semi-analytical plots with the corresponding simulations. For the semi-analytical plots, we resort to a hybrid method where we employ the analytical expressions for P e out and P e|G0 given in Sections III and IV, and perform a Monte Carlo simulation of the stable r.v.'s A and B according to [54] . To validate these semianalytical results, we resort to physical-level simulations of the system. Specifically, we simulate 10 5 instantiations of the position and shadowing of the interferers, over a circular area with radius 10 3 m. For the determination of average and outage error probabilities, we simulate 10 6 bits per node and instantiation. It will be apparent shortly that the semianalytical plots are in good agreement with the physical-level simulations, suggesting that the expressions derived in the paper eliminate the need for physical-level simulation in order to obtain the error performance.
Figures 3(a) and (b) quantify the error performance of the BPSK NB victim link, subject to DS-BPAM UWB interference and noise. For this purpose, we define the normalized SNR of the NB link as SNR = k 19 We conclude that the 19 Since E N corresponds to the average transmitted symbol energy of the NB victim link, then k 2 N E N can be interpreted as the average symbol energy measured 1 m away from the NB transmitter. An analogous interpretation applies to k 2 U E U .
error performance at a fixed SNR deteriorates as λ U or the INR increase. This is expected because as the spatial density or transmitted energy of the UWB interferers increase, the aggregate interference at the NB victim receiver becomes stronger.
It is important to note that in a practical scenario it is possible to encounter INR values as high as 20−50 dB. In fact, according to the IEEE 802.15.4a channel model, the term k figure) . Therefore, in this scenario, Fig. 3(a) shows that for INR = 50 dB, SNR = 30 dB, and λ U = 0.1 m −2 , the NB victim link experiences at least 1% outage. Similarly, Figure 3 (b) shows that for INR = 40 dB, SNR = 20 dB, and λ U = 0.1 m −2 , the NB victim link experiences an average BEP greater than 10 −2 . Depending on the application, such error performance could be non-satisfactory. Regarding the density of UWB nodes considered, λ U = 0.1 m −2 , it can be can easily reached in a suburban area by unregulated UWB devices. Therefore, despite the PSD limits imposed to UWB systems in attempt to protect existing communications, the effect of the aggregate UWB interference on NB systems can be significant in practice, and must be taken into account when considering coexistence.
Figures 4(a) and (b) quantify the error performance of a DS-BPAM victim link, subject to NB interference and noise, and illustrate its dependence on the various parameters involved, such as the SNR = k 
Di,n df at the frequency f N = 5010 MHz; a typical value of P N is 20 dBm (e.g., for Bluetooth or WLAN systems). Therefore, in this scenario, Fig. 4(a) shows that for INR = 50 dB, SNR = 20 dB, and λ N = 0.01 m −2 , the UWB victim link experiences at least 40% outage. Similarly, Fig. 4(b) shows that with INR = 60 dB, SNR = 20 dB and λ N = 0.01 m −2 , the UWB victim link experiences an average BEP greater than 10 −1 . Therefore, despite the intrinsic robustness of UWB systems to NB interference, as known for SS systems, the aggregate NB interference on UWB systems represents an important issue that must be taken into account to ensure coexistence, and proper countermeasures must be employed. For example, [22] and [24] propose the adoption of proper spreading sequences to increase the allowable interference level. The figures also show that the error performance of the victim link is relatively insensitive to the shadowing parameters σ N or σ U characterizing the channel of the interferers.
VI. CONCLUSION Using tools from stochastic geometry, we introduced a mathematical model for coexistence in heterogeneous wireless networks composed of both NB and UWB nodes. We considered realistic channel models, which account for the propagation effects specific to NB and UWB channels. We studied two dual configurations which are relevant in understanding coexistence: 1) a NB victim link subject to the aggregate UWB interference, and 2) a UWB victim link subject to the aggregate NB interference. In both cases, we showed that the aggregate interference at the output of the victim (NB or UWB) receiver, when conditioned on the position of interferers, is Gaussian with a variance that can be related to a skewed stable distribution. On the other hand, when averaged over the position of the interferers, the aggregate interference has a symmetric stable distribution. We then characterized the error performance in terms of outage and average error probabilities, and performed physical-level simulations to validate the analytical methodology proposed in this paper. The simulation results are in good agreement with the analytical results, indicating that the proposed methodology eliminates the need for time-consuming physical-level simulations in order to obtain the error performance.
We applied the proposed framework to uncover important issues regarding the coexistence between NB and UWB systems. While in many scenarios the impact of a single UWB interferer on a NB link is negligible due to PSD limits imposed on UWB transmission, this may not be the case when considering the aggregate effect of many UWB transmitting nodes. For example, we found that UWB node densities of λ U = 0.1 m −2 can produce non-negligible degradation to NB links. Since unregulated UWB devices easily reach such density in suburban areas, the aggregate effect of the interferers must be considered in the system design to allow coexistence between heterogeneous devices. For the dual case of UWB systems affected by NB interference, we showed that a scenario with strong and dense NB interferers producing high aggregate interference is not unlikely. Thus, the inherent robustness of UWB systems to NB interference may not be sufficient to ensure an acceptable error performance when the NB node density is λ N = 0.01 m −2 . Therefore, additional countermeasures are necessary to increase the robustness of the UWB link. Our work helps in understanding and assessing the aggregate effect of multiple interferers, subject to realistic channel models. Such effect is key in determining coexistence in heterogeneous networks, and suggests that spectral regulations that are based solely on the PSD of individual transmitters do not necessarily protect a victim receiver against interference. (12) To derive the expression for X i in (12), we start from (11) and we use Parseval's relation to obtain (62) at the top of the previous page. Note that W i (f ) and H i (f ) correspond to UWB spectra, and therefore are approximately constant over the frequencies of the NB spectrum G(f − f N ). We can thus move the terms W i (f ±f U ) and H i (f ) outside of the integrals and obtain (63) at the top of the previous page. This is the result in (12) 
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for 0 < α < 1, and C α defined in (17) . Using this relation, we rewrite (64) as
where α = where φ Q (w) is the characteristic function of Q i . Note that X i , whose expression is given in (12) , is CS due to the arguments presented in Section III-B2. As a result, the r.v. Q is also CS, i.e., φ Q (w) = φ 0 (|w|) for some φ 0 (·). As a result,
which, using the change of variable |w|r −νU = t, can be rewritten as
In [25, Appendix I] we showed that
with 0 < α < 2, and C α defined in (17) . We thus conclude that the characteristic function of Y has the simple form φ Y (w) = exp(−γ|w| α ), with α = where we used again the moment property of log-normal r.v.'s. This is the result in (18) , and the derivation is complete.
APPENDIX D DERIVATION OF X i IN (44)
The integral in (42) can be expressed as (68) with φ i = φ i +2πf N t q . We used the fact that W(f U +f N ) = 0, for carrier-based systems. Now, substituting (68) in (42), we can write
h q e j2πfNtq , from which (44) is obtained. 
